Bohmian particle trajectories contradict 
quantum mechanics 



Michael Zirpel 

g March 23, 2009 

(N 

^ Abstract 

^ The Bohmian interpretation of quantum mechanics adds particle trajecto- 

ries to the wave function and ensures that the probability distribution of the 
particle positions agrees with quantum mechanics at any time. This is not 

(~| sufficient to avoid contradictions with quantum mechanics. There are corre- 

Qh lations between particle positions at different times which cannot be repro- 

duced with real particle trajectories. A simple rearrangement of an experi- 

5^ mental test of the Bell-CHSH inequality demonstrates this. 
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^ The Bohmian interpretation yj of quantum mechanics (also called Bohmian me- 

O chanics [2]) supplements the quantum mechanical wave function with particle 

^ trajectories. These trajectories are thought to be real in the following sense: 

^ 1 . Each particle moves along a trajectory and has at any time t a definite posi- 

^ tion Q{t) on its trajectory. 

^ 2. The result of a position measurement at time t is the particle position Q{t). 

In an ensemble of equally prepared particles with the same wave function Xjf, each 
particle moves along a randomly chosen trajectory. The quantum equilibrium 
hypothesis and B ohm's law of motion [2] guarantee that the quantum mechanical 
probability distribution of the particle positions 

p(r,0 = |V^(r,OP 
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is maintained for all times t by the Bohmian theory. 

However, the real particle movement along trajectories entails correlations be- 
tween particle positions at different times. As R. F. Streater noticed in [3J (p. 108) 
this must contradict quantum mechanics in certain cases because particle positions 
at different times are represented by non-commuting operators in the Heisenberg 
picture. Accordingly a Bell-type inequality could be established between certain 
functions of the particle position at different times, which is fulfilled by trajecto- 
ries but violated by quantum mechanics. 

A simple way to demonstrate this contradiction is to change the standard exper- 
imental setting for the test of the CHSH inequality H, Q so that all measured 
quantities are represented by different particle beams in one setting. The Bohmian 
particle trajectories follow some of these beams so that all quantities will have 
definite values in each run of the experiment. This implies compliance with the 
CHSH inequality, which is however violated by quantum mechanics in certain 
cases. 



CHSH test with Stern-Gerlach apparatuses 

The basic experimental setting was already discussed by D. Bohm in his 1951 
text book [6J in the context of the EPR paradox. The source S emits pairs of neu- 
tral spin ^ particles in opposite directions, where Stern-Gerlach apparatuses are 
used to measure spin components: The particle beams are split by inhomogeneous 
magnetic fields Ma, Mb in different directions. Detection screens Sa^Sb complete 
the measurement. If a particle is detected in the 'upper' [^half of the screen the 
corresponding observables A and B, respectively have the value +1, if the particle 
is detected in the 'lower' half, the corresponding observables have the value —1. 




Figure 1 : CHSH test experiment with Stern-Gerlach apparatuses 



The terms 'upper', 'lower' are related to the diagram and not to the real direction. 
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In a CHSH test experiment the magnetic fields are switched between two different 
directions on each side so that in total four observables A, A' and B,B' are mea- 
sured. With appropriate directions of the magnetic fields and a suited initial state 
of the particle pair the expectation value of A B +A B' +A' B —A' B' will be 

\{AB+A B' +A' B-A' B') I ^ 2V2 (1) 

which exceeds the bound 2 given by the CHSH inequality Q. 



Four observables in one apparatus 

If the detection screens Sa^Sb are removed, the partial beams can be recombined 
coherently using other magnetic fields so that the original spin state is restored. 
This is possible in theory, because the evolution without measurement is unitary 
and therefore reversible as already has been noticed by D. Bohm in his textbook 
S p. 605 (the technical difficulties of the experimental realization are discussed 
in dHl). After the coherent recombination another pair of magnetic fields M^i, Mgr 
can be used to split the beam again to measure the observables A'^B'. 
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Figure 2: Four observables in one apparatus 

In this new setting all four observables A,A',B,B' are represented by different 
partial beams in one apparatus. They are functions of the particle positions, which 
are in one-to-one correspondence with some particle spin components. 
By the placement of the detection screens the experimenter decides which pair of 
observables is measured. The expectation value of A B +A B' +A' B —A' B' will 
be the same as above ([T]). 

Bohmian trajectories fulfill the CHSH inequality 

Bohmian trajectories in a Stem-Gerlach apparatus with packet-like wave func- 
tion are analyzed in flU, ifTOl . Nearly all trajectories follow the particle beams. 
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Where the beam splits, a part of the trajectory set follows one partial beam, the 
rest follows the other partial beam. 

In a single run of the experiment a pair of Bohmian particles follows a randomly 
chosen pair of trajectories, one in direction A, one in direction B. The particle 
moving in direction A moves along its trajectory either through half-plane A = +1 
or half-plane A = — 1 and afterwards either through half-plane A' = + 1 or half- 
plane A' = — 1. The same is true for the B particle and the quantities B^B'. 




Figure 3: A Bohmian trajectory pair with A = — 1,A' = 1 and B = 1,5' = 1 

So for each particle pair emitted by the source all four quantities A,A',B,B' will 
have a definite value. According to proposition 2) these definite values will be 
measured, when detection screens are placed into the appropriate positions. Def- 
inite values, however, always fulfill the CHSH inequality: Let ak^a'^^bk^b'^. E 
{ — 1, + 1} be the values of the four quantities A,A',5,5' in the ^-th run of the 
experiment. A simple valuation table shows that always 

akbk + akb'k- + a'j^bk - d^b'^ = ±2 
So the mean value in n runs of the experiment is bounded by 2 for all n > 



1 # 



{akbk + akb[ + a[bk - a[b[) 



'k=i 



< 2 



(2) 



The quantum mechanical expectation value ([T]) violates this inequality. 



Conclusion 

This demonstrates a contradiction between a quantum mechanical probability 
statement about particle positions and the consequences of the Bohmian theory. 
As long as propositions 1) and 2) are thought to be valid, this contradiction cannot 
be removed. So we must conclude: 

Bohmian particle trajectories contradict quantum mechanics. 
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